Abstract. In this paper we introduce the notion of BG-algebras which is a generalization of .B-algebras. We construct a BG-algebra from a non-empty set, which is non-group-derived. Moreover, using the notion of normal subalgebra, we obtain several isomorphism theorems of BG-algebra and related properties. BCH/BCI/BCKalgebras, i.e., (I); (II) and (IV) x * y = 0 and y * x = 0 imply x = y, for any x,y € X. In this paper we introduce the notion of 5G-algebras which is a generalization of .B-algebras. We construct a .BG-algebra from a non-empty set, which is non-group-derived. Moreover, using the notion of normal subalgebra, we obtain several isomorphism theorems of .BG-algebra and related properties.
Introduction
Y. Imai and K. Iséki introduced two classes of abstract algebras: BCKalgebras and BCI-algebras ( [3, 4] ). It is known that the class of BCKalgebras is a proper subclass of the class of BCI-algebras. In [1, 2] Q. P. Hu and X. Li introduced a wide class of abstract algebras: BC.//-algebras. They have shown that the class of BCI-algebras is a proper subclass of the class of BCH-algebras.
J. Neggers and H. S. Kim ( [8] ) introduced the notion of d-algebras which is another generalization of BCK-algehvas, and then they investigated several relations between d-algebras and BCK-algebras as well as some other interesting relations between ri-algebras and oriented digraphs. They also introduced .B-algebras ( [9, 10] ), i.e., (I) x * x = 0; (II) x * 0 = x; (III) (x * y) * z = x * (z * (0 * y)), for any x,y 6 X. Recently, Y. B. Jun, E. H. Roh and H. S. Kim ( [5] ) introduced a new notion, called a BH-algebra which is a generalization of BCH/BCI/BCKalgebras, i.e., (I); (II) and (IV) x * y = 0 and y * x = 0 imply x = y, for any x,y € X. In this paper we introduce the notion of 5G-algebras which is a generalization of .B-algebras. We construct a .BG-algebra from a non-empty set, which is non-group-derived. Moreover, using the notion of normal subalgebra, we obtain several isomorphism theorems of .BG-algebra and related properties. 
BG-algebras
A BG-algebra is a non-empty set X with a constant 0 and a binary operation " * " satisfying the following axioms:
x * 0 = x,
for all x, y G X. Then (X; *,0) is a BG-algebra.
THEOREM 2.2. If (X\ *, 0) is a B-algebra, then (X; *, 0) is a BG-algebra.
Proof. Since [X\ *, 0) is B-algebra, the axioms (1) and (2) for BG-algebra are satisfied and (x * y) * (0 * y) -x * ((0 * y) * (0 * y)) = x * 0 = x for any x, y € X. Hence (X; *,0) is a BG-algebra.
• REMARK. The converse of Theorem 2.2 does not hold. The BG-algebra (X] *,0) given in Example 2.1 is not a B-algebra, since (0*2)*1 = 2*1 = 2 and 0 * (1 * (0 * 2)) = 0 * (1 * 2) = 0 * 1 = 1 imply (0*2)*1 ^ 0 * (1 * (0 * 2)).
Thus the class of B-algebras is a proper subclass of BG-algebras. • From Proposition 2.3 we can see that every group (X;o, 0) can determine a BG-algebra (X; *, 0), called a group-derived BG-algebra. It is then a question of interest to determine whether or not all BG-algebras are groupderived. Example 2.1 is an example of a non-group-derived BG-algebra, since the only group of order 3 is (Z3; +, 0). Indeed, if we assume that Example 2.1 is group-derived, then 2 = 2*1 = 2+1 -1 = 2+2 = 1, a contradiction. Note that x o y~l = x * (0 * y~l) = x * (0 * (0 * y)) = x * y. Hence (X; *, 0) is also a group-derived BG-algebra. This completes the proof.
• The condition (x*y)*z = x*(0*((0*y)*2i)) in Theorem 2.6 does not hold in general. In Example 2.1 we have (2*1)*2 = 0, while 2*(0*((0*1)*2)) = 2. Then (X; *, 0) is a .BG-algebra satisfying the identity (x * y) * z = x * (0 * ((0 * y) * z)). So (X; *, 0) is a group-derived ¿?G-algebra. Then (X;*,0) is a BH-algebra ( [5] ), but it is not a .BG-algebra, since (2 * 3) * (0 * 3) = 1 ^ 2.
By Theorem 2.2 and Proposition 2.8, we know the following relation:
The class
The class The class of C of C of B-algebras BG-algebras
BH-algebras
We construct a BG-algebra for any non-empty set as follows: Then the subset {x G X\ip(x) = 0y} of X is called the kernel of the BGhomomorphism ip, and denote it by Kerip. In this section, we discuss several isomorphism theorems discussed in [9] in view of BG-algebras, and also obtain some consequences of structure theorems. DEFINITION 3.1. Let (X;*,0) be a BG-algebra. A non-empty subset S of X is called a subalgebra of X if x * y G S for any x,y G S.
In Example 2.11, Si = {0,1} and S2 = {0,1,2} are subalgebras of X. We know that any subalgebra of a BG-algebra is also a BG-algebra. Hence ip is injective. The converse is trivial, and we omit the proof.
• Then
ip(x) * <p(y) = 0 = ip(a) * ip(b). Thus by Lemma 2.3-(iii), ip{x) -ip(y) and ip(a) = ip(b). It follows that <p((x * a) * (y * b)) = ip(x * a) * ip(y * b) = (ip(x) * ip(a)) * (ip(y) * <p(b)) = (ip(x) * ip(a)) * (<p{x) * <p(a)) = 0. So (x * a) * (y * b) G
Kerip. Hence Kerip is a normal subalgebra of X.
• By Theorem 3.7 and Theorem 3.9, if ip\X^Y is a SG-homomorphism, then X/Kerip is a BG-algebra. € Im (g) C Im (h). Since h is a BGmonomorphism, there exists a unique y eV such that h(y) = g(x). Define a map / :
Since h is injective,
So / is a BG-homomorphism. The uniqueness of / follows from the fact that h is a BG-monomorphism. This completes the proof. • 
